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Abstract 

p , We develop the superfield background field method and study the effective action 

' in the M = 2, d3 supersymmetric Chern-Simons- matter systems. The one-loop 

i-^i low-energy effective action for non-Abelian supersymmetric Chern-Simons theory is 

computed to order by use of = 2 superfield heat kernel techniques. 

(N 

> , 

'. 1 Introduction 

^ . During the last few years, quantum aspects of dS supersymmetric theories at perturbative 
^ ! level attracted a considerable attention. This was inspired by the papers [1], [2], [3], [4], 
[5], where for an IR description of stacks of M2-branes a highly supersymmetric three 
dimensional conformal field theories was proposed in the same sense as maximally super- 
symmetric Yang-Mills theory provides an effective description of stacks of D-branes. Such 
^ . models are referred to as the Bagger-Lambert-Gustavsson (BLG) and Aharony-Bergman- 
Jafferis-Maldacena (ABJM) theories. ABJM models defined as three-dimensional A/" = 6 
superconformal U{N) x U{N) Chern-Simons- matter theory with level {k, —k). It is con- 
jectured to describe N M2-branes located at the fixed point of the C^/Z^ orbifold in the 
static gauge. It is also argued that the ABJM model is dual to M-theory on AdS^ x S"^ /Z^ 
at large N. For SU{2) x SU{2) gauge group, the J\f = 6 supersymmetry is enhanced to 
JV = 8 and the ABJM model coincides with the BLG model. All these new superconfor- 
mal field theories involve a non-dynamical gauge field, described by a Chern-Simons like 
term in the Lagrangian, which is coupled to matter fields, parameterizing the degrees of 
freedom transverse to the worldvolume of the M2-branes. 

The interest to the extended d3 superconformal theories is connected with two points. 
First, these theories represent further evidence of the duality AdS^/CFT^ [6]. This duality 
opens interesting window that allows us to examine the various properties of condensed 
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matter (for a review see e.g. [7]). Second, these duality also provide novel results about 
integrability of the free/planar sector of the AdS/CFT pair of models and finiteness 
properties of these superconformal Chern-Simons-matter theories in the strong coupling 
regime (for a review see e.g. [8]). 

It is known for a long time that the quantization of a membrane worldvolume theory 
is very challenging and one of difficulty is the nonlocality associated with the deformation 
of membrane without changing its volume. A quantum supermembrane theory faces a 
serious problem of quantum mechanical instability [9]. As a result, a single (quantum 
mechanical) super - membrane does not make sense and we get a multi-body problem in 
its nature, which can be regarded as the origin of the continuous spectrum. Therefore, 
from the field theory side, the action of M2-brane should go away from the infra-red fixed 
point to a nonperturbative Yang-Mills-Chern-Simons system. 

One nontrivial test for the BLG and AB JM models as the dual field theory of M theory 
is the study of the membrane scattering amplitude. In the dual gravity description, it 
can be given by the effective action of the probe M2-brane due to the large number of 
source M2 branes. In the papers [10] the membrane scattering were examined in the 
context of the BLG and ABJM models for the first time. The analysis of dimensions of 
the target space from one loop effective potential shows that this is consistent with the 
calculation from D2-brane super Yang-Mills action. This phenomenon can be understood 
as a signal that the membranes propagating between two membranes always wrap on the 
one spacial direction which becomes the compactified direction. Such a result suggests 
that the open membrane, described as a perturbation from the background, always wraps 
the compactified direction, even when k is finite and small, and therefore the BLG theory 
can probe only remaining ten dimensions. From the analysis of quantum correction [10] 
it was found out the complete agreement in membrane scattering dynamics between the 
results from the ABJM model and those from the dual supergravity on AdS4^ x S'^ jZy^ 
in a specific gauge for worldvolume diffeomorphism. As a result, it was discovered the 
following: (i) there is no correction in the term, where v is a probe brane velocity, (ii) 

term appears at one-loop, (iii) there should be a non-renormalization theorem, at least 
for A/" = 8 supersymmetry. It would be very interesting and instructive to study the above 
problem using the manifest supersymmetric and gauge invariant formalism that requires, 
in its turn, the development of techniques for calculating the effective action in frame of 
superfield background field method. 

On the other hand, it is known that multiple M2-branes in eleven dimensions are 
reduced to D2-brancs in ten dimensions compactifying one of the transverse direction to 
the M2-brane. This procedure is performed by the novel Higgs mechanism proposed in 
[11], [12]. It has been shown in the frame of this mechanism that the BLG models and the 
ABJM-Iikc theories are reduced to the super Yang-Mills theory describing N coincident 
D2-brancs. In this process the non-dynamical Chern-Simons gauge fields become dynam- 
ical. Since the super Yang-Mills action is the leading order approximation in string scale 
a' expansion of the non-Abclian Born-Infeld action, it is natural to expect that the BLG 
and ABJM theories directly gives rise to a perturbative expansion in terms of the inverse 
Yang-Mills coupling constant, or equivalently, in terms of the inverse vacuum expected 
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value of the Higgs field. As a result, arising new higher-order action is non-Abelian, plus 
a decoupled Abelian degree of freedom. 

Wc want to draw attention to the fact that similar "Higgs" effect as quantum effect 
potentially occurs in all super Chern-Simons-matter models and even in pure non-Abelian 
Chern-Simons theory and its supersymmetric versions. Then the BLG and ABJM La- 
grangians and supersymmetry transformations presented in [2], [3] can be thought as 
representing the leading order terms in Planck scale expansion of a (not yet determined) 
non-linear M2-brane theory. This circumstance is analogous to the fact that A/" = 4, DA 
super Yang-Mills theory represents the leading order terms of the Born-lnfeld action, 
which is believed to describe the dynamics of coincident D3-branes. Therefore, it would 
be interesting to determine the full theory, in which the leading order terms are the BLG 
or ABJM Lagrangians. This ambitious program is similar to non-Abelian supersymmet- 
ric extension of the Born-Infeld-typc action in the A/" = 4, D4 super Yang- Mills quantum 
field theory (See as an example of just a few links [13], [14], [15], [16] from a large list of 
references) . 

The off-shell loop corrections in Chern-Simons-matter theory attracts much attention 
since they generate non-trivial quantum dynamics for classically non-dynamical gauge 
field (see e.g. [19]). The natural way to study these corrections is given by effective action 
which can be treated as a method to derive the new, higher order in strength, gauge 
invariant and supersymmetric functionals. 

Gauge invariant and manifestly supersymmetric effective action is constructed on the 
base of the superfield background field method. Evaluation of the effective action within 
the background field method is often accompanied by use of proper time or heat kernel 
techniques. These techniques allow us to sum up efficiently an infinite set of Feynman 
diagrams with increasing number of insertions of the background fields and to develop a 
background field derivative expansion of the effective action in manifestly gauge covariant 
way. Precise determination of the effective action means an exact solution in an appro- 
priate model of quantum field theory, that of course is impossible in general. Therefore, 
the various approximate approaches are used such as the expansion in the number of 
loops and an expansion in powers of derivatives. The coefficients in this series directly 
related to the local geometrical invariants, constructed from the background fields and 
their covariant derivatives. In supersymmetric theories such a procedure allows to find 
the gauge invariant and supersymmetric functionals. 

As it is known, the most powerful approach to study the quantum supersymmetric field 
theories is to make use of an unconstrained superfield formulation. Unfortunately, such a 
formulation for the A/" = 6, 8 super Chern-Simons-matter theory is not known. The best 
what we know up to now is only Af — 3 off-shell formulation on J\f — 3, dS harmonic su- 
perspace [21]. In such a formulation three out of six or eight supersymmetries arc realized 
off-shell while the other three or five are hidden and the supersymmetry algebra is closed 
only on shell. The corresponding superfield actions involve two hypermultiplet superfields 
in the bifundamental representations of the gauge groups and two Chern-Simons gauge 
superfields corresponding to the left and right gauge groups. The Af — 3 superconformal 
invariance allows only a minimal gauge interaction of the hypermultiplets. Therefore, 
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the = 3, d3 harmonic supcispace methods should be helpful for these considerations. 
Alternatively, one can study the effective action in the J\f — 2 superspace [22]. Prom 
the point of view of A/" = 2, d3 supersymmetry, the A/" = 4, 6, 8 Chern-Simons and super 
Yang-Mills theory describe coupling of the M = 2 vector multiplet to the hypermultiplet 
$, $ in the adjoint representation as well as one or another set of matter hypermultiplets 
Q, Q in the bifundamental representation. 

The aim of this paper is to construct the background field method lor M — 2 super 
Chern-Simons theories, study the effective action in terms of unconstrained M = 2, ciS 
superfields and calculate of the leading low-energy contributions to the effective action. 
Although the various classical and quantum aspects of jV = 2, ciS supersymmetric theories 
were extensively studied, the superfield background field method, allowing to develop 
manifestly gauge invariant and Af — 2 supersymmetric perturbation theory has not been 
formulated up to now. Just this problem is solved in the present paper. As the applications 
of background field method we show that in case of pure M = 2 super Chern-Simons, 
?7-invariant vanishes, but off-shell contributions to the effective action have a non-trivial 
complicated structure. For the computation of local gauge invariant and manifestly H — 2 
supersymmetric contributions we use the procedure previously proposed in [20] , which we 
generalize to be applied for superfield theories, and the IR cutoff which is similar to that 
used in the work [15]. In our case, the scale of the IR cutoff will play the role of the 
Yang-Mills coupling constant and of course breaks the superconformal invariance. In the 
case of super Chern-Simons-matter models the role of the IR cutoff parameter is played 
by a vev of material fields. 

The background field method and heat kernel techniques for A/" = 1, 2, (i4 super Yang- 
Mills theories were well-developed (see [23], [24], [25], [26] for reviews). In principle the 
N = 2,d3 superfield formalism, is analogical, in some aspects, to J\f = l,(i4 superfield 
formulation. Therefore, we pay basic attention here only to specific details of quantization, 
which are significant namely ior Af — 2,d3 superfield theories. 

This paper is organized as follows. In Section 2 we briefly discuss the formulation of the 
super Chern-Simons-matter theories in A/" = 2 superfleld. In Section 3 we formulate the 
background field method. In Section 4 we consider a structure of one-loop effective action 
and develop the superfield heat kernel technique for its computation. This technique is 
then used to compute the F^, F^, (VF)^, . . . , terms in the low-energy effective action 
in superfield form. 

2 J\f = 2,dS superfield models 

We start with a brief description of the Af = 2,d3 super Chern-Simons theory [27], [28], 
[29] . The constrained geometry of A/" = 2 supergauge field is formulated in i?^'*^ superspace 
with coordinates — {x"^, 6", 6°'} ^ in terms of the gauge covariant derivatives 

Vm = {Vm, v^, v^} ^Dm + ir^T-^ 

^we use superspace conventions of [22]. 
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where Dm = {dm. Da = de + i9 ^, Da = —dg — id ^) are the "flat" covariant derivatives 
and the gauge connection Vm takes the values in the Lie algebra of a compact gauge group. 
The vector multiplct in three dimensions is built from one real scalar 0, one complex spinor 
Xai one vector field and one real auxiliary scalar D, all in the adjoint representation 
of the gauge group. In the Wess-Zumino gauge the component decomposition for V is 
given by 

V = ie^'Oact) + e'^e^Aap + i^^r - i^^r + eWD (2.1) 

The gauge covariant derivatives obey the superalgebra: 

{Da, Dp} = -2lDafi + 2iSapG, {Da, D^} = {Da, D^} = (2.2) 

[Dp, T^ap] = ^p{aWp), [Dp, Dap] = -£p(aW^) 
[Daj3,Dpa] — —ie(^apFj3)a — i£{aaFj3)p. 

It follows from (2.2) that the most general solution to this algebra in terms of the uncon- 
strained prepotential [23], [24] is 

P„ = 6-^^,6", Da = e^Dae-^, n = ^rTa (2.3) 

where Vt"- is an arbitrary complex superfield. A covariantly chiral and antichiral superflelds 
Qc{z) = e^Q, Qc{z) = Qe^ is defined to be annihilated by these operators, 

DaQciz) = 0, DaQciz) = 0, 

Hermitian part Q defines a potential — e^e^. In gauge chiral representation one gets 
T)a = {Dm, e-^DaS^, Da} and = Q, Qce-^Q. 

The superfield strengths are the linear superfield G and chiral Wa and antichiral Wa 
superfields satisfy the Bianchi identities 

Wa^DaG, Wa^DaG, (2.4) 

DaWp = Q, DaW,3 = 0, D"DaG = DaD"G = 0, (2.5) 
V^Wa + DaW" = 0, D^aWfi) + D^aWp) = -AlDafiG, (2.6) 

FaP = \{ViaWp) - D^aWp)}, (2.7) 

DaWp = 2Fap - iDapG + ^Sa^D^Wp, DaWp = -2F„^ - iDa^G - ^SapDpW''. (2.8) 

In Af — 2,d3 superspace, the gauge invariant Chern-Simons action reads in two equiv- 
alent forms [27] 

Scs = ^tr dt I d''zD%e-^^Dae^''}e-^^dte^^ (2.9) 
47r Jo J 

^ 'AtT C dt I dhD-{e^''Dae-^^}e^^dte-^'' . 
47r Jo J 
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Here the extra parameter t satisfies the boundary conditions V{t = 0) = 0, V{t = 1) = V. 

After rescahng the potential as Vnew = '^\f^^ we see that the couphng constant is y^. 

The superfield Lagrangian for Nf matter chiral superfields coupled to non-Abelian 
M — 2 vector multiplet has the form 

\V, Q, Q]^trJ d'z J2 O'e^'^'Q', (2.10) 
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where the matter field = {/*, ■(/'*}, with global \i{Nf) flavor symmetry, is in an arbitrary 
representation R of the gauge group. Such a, M = 2 theory can be formulated for any 
gauge group G and chiral superfields in any representation, with arbitrary superpotential. 
The more extended supersymmetric theories can be formulated using the some sets of 
M — 2 superfields. For example, the A/" = 3 superconformal theory on the J\f — 2 
language has n pairs of chiral multiplets Q\Q^ {i = 1, . . . ,n), transforming in conjugate 
representations of the gauge group, and one chiral superfield The action for the = 3 
Chern-Simons-matter theory has the form 

gM=3^gM=2^ J ^7 ^^Q^v q ^ Q^-v j ^5^(_|_tj.$2 + g^$„7;«gi) + c.c] . (2.11) 

Here $ is an auxiliary chiral superfield in the adjoint representation, combined with V 
to give the J\f — A vector multiplet. The scalar and the auxihary components of $ are 
combined with the corresponding components of V to form a triplets under the SU{2)ii 
symmetry. The R-symmetry also rotates as doublet the lowest component of the chiral 
superfield Q and of its conjugate, antichiral superfield Q. It should be noted that the 
most elegant presentation of a large class of classically marginal models Chern-Simons- 
matter with manifestly realized Af — 3 off-shell supersymmetry is provided in the J\f — 3 
harmonic superspace [21]. 

Maximally supersymmetric theories in 2 + 1 dimensions with SO (8) R-symmetry were 
constructed in [2]. These theories have an interesting property that the closure of the 
supersymmetry requires the particular combinations of the gauge group and the matter 
content, whereas there is no such restriction for jV < 3. The essential feature of these 
theories is that the matter fields X^X^T"', I — 1, . . . , 4 take the values in a metrized 
version of the Lie 3- algebra An- 

[T", T^] = rtr*^, h"'' = tr(T", T*"), (2.12) 

where the structure constants /'^'"^'^ = fo-bcj^ed totally antisymmetric in upper indices 
and are subject to some basic identity. The gauge field takes values in the Lie algebra 
associated with the Lie 3-algebra Am = Am,abt"'^, where the generators act in the funda- 
mental representation as {f^^Yfi = f^^^d- When h""^ is positive definite, there is the only 
such ^4 3-Lie algebra (with /"'"^^ a e"-^'^'^^ h"''^ = S""^) which satisfies all reasonable physical 
requirements. On the associated Lie algebra there exist two invariant tensors which have 
the required structure of a Killing form, namely 

Qab,cd j!abcd gab,cd jabe J'^'V ^2 13) 
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Extending the BLG model to higher numbers of M2-branes by reducing the number of 
supersymmetries led to two generahzations of the notion of a 3-algebra: the generalized 
3-Lie algebras and the Hermitian 3-algebras [4]. These algebras are used in the ABJM 
theories, with A/" = 6 supersymmetry and U{N) x U{N) gauge symmetry and in the 
ABJ theories [3] with J\f = 6 supersymmetry and U{N) x U{M) gauge symmetry, as well 
as with J\f — 5 supersymmetry and Sp{2N) x 0{M) gauge symmetry Similar theories 
were constructed in [30] . A classification of the possible — 6 theories of ABJM- type 
was presented in [31]. In all cases, the underlying 3-bracket is no longer required to be 
totally antisymmetric. So that in the case of theories with M = Q supersymmetry, the 
structure constants f^^^ = tr(T'^'[T", f ^]) must satisfy the relations /"^^^' = -f^^ 
and /"'"^'^ = j*cdab_ rpj^g triple product is also required to satisfy the basic identity. 

In order to get a compact form of the Feynman rules, it is convenient to use the capital 
Roman letters A, S, ... to denote the indices in associated gauge Lie algebra [2], [4], [5]. 
In terms of the gauge algebra indices, the invariant form is given by 
< X, F >= X^'^V'^fabcd = X^Y^Gab- The structure constants Fabc = F^b^Gdc, where 
Fj^^^ = C^b^^ = ''^5^', are totally antisymmetric due to ad-invariance of < •, • > . 
Moreover, it is convenient to use the multi-indices ai combining fiavor and 3-algebra 
indices for Q"' = . For example, we have for vertices < Qi, VQ^ >— Q^V'^{Ta)i ^Qj- 

By construction, all these models have at least M = 2 supersymmetry. Higher su- 
persymmetry depends on the underlying 3-algebra and the choices the superpotential. 
Therefore formally, the structure of the effective action in the sector of gauge fields (with- 
out violating the gauge symmetry) should have a universal form. The difference of effec- 
tive actions of one model from another is stipulated by the choice of explicit 3-algebra 
representations and relations between various Casimir invariants for such Lie 3-algebras. 



3 Background field quantization 

We quantize the J\f = 2 super Chern-Simons theory in the quantum-chiral but back- 
ground vector representation. As a first step we split the initial superfields V, Q, Q into 
background V,Q,Q and quantum v,q,q parts by the rule 

e^^eV, Q^Q + q. (3.14) 

Since the background-quantum splitting for matter superfields is a simple sum, we will 
pay the basic attention only on gauge superfield. 

The initial infinitesimal gauge transformations can be realized in two different ways: 

(i) background transformations 

e'^e^'e-'^ , Vm e'^Vue-'^ (3.15) 

with a real parameter t — f 

(ii) quantum transformations 

(f^e^e-'^ , Vm^Vm, (3.16) 
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with background covariantly chiral parameters, X'aA = T>a^ — 0. For infinitesimal A we 
have (see [23]) 

5v = Li J-i(A + A) + coth Li„i(A - A)} . (3.17) 

Both the superfields Q {Q) and q (q) are covariantly chiral (antichiral), V^Q — V^q — 0, 
where the covariant spinor derivatives act in according with the representation of the 
gauge group. It is worth pointing out that the form of the background-quantum splitting 
(3.14) and the corresponding background and quantum transformations (3.15), (3.16) are 
analogous to the J\f = l,dA non-Abelian super Yang- Mills model [23]. Our aim now is to 
construct an effective action as a gauge-invariant and M — 2 supersymmetric functional 
of the background superfield V . 

The presence of the parameter t in (2.9) is very essential and the direct integration 
in (2.9) can be explicitly done only in the abelian case. However, the first (that noted in 
[27]) variation of (2.9) and second-order expansion in powers of quantum field v contain 
no t integration (modulo a total spinor derivative) 



/ dtdtivD'^V^) + dtdtivD^V^v) + 0{v'') (3.18) 
Jo ^ Jo 

It is well known that the linear in v term in (3.18) should be dropped when considering 
the effective action. The quadratic part 5*2 of quantum action given in (3.18) depends on 
V via the dependence of Vm on background superfield. Each term in the action (3.18) is 
manifestly invariant with respect to the background gauge transformations. 

We now proceed to the quantization of the theory in a manifest M = 2 supersym- 
metric form. To construct the effective action, we can use the Faddeev-Popov Ansatz. 
Within the framework of the background field method, we should fix only the quantum 
gauge transformations (3.16) keeping the invariance under the background gauge trans- 
formations. It is convenient to choose the gauge fixing functions in the form analogous to 
M — l,dA theories: / = T>'^v , / = 'D'^v. These functions arc covariantly (anti) chiral and 
transform under the quantum gauge transformations (3.16). Therefore the ghost action 
is the same as in the four dimensional J\f = 1 case [23], [24]: 

Sfp ^tr J d^xd'^e {b + 6)Li Jc + c + coth(Li J(c - c)] = tr J d^xd'^O {be - be) + 0{v) . 

(3.19) 

where c, c, b, b covariantly chiral and antichiral superfields. The effective action for pure 
Chern- Simons theory is given by the following functional integral 

^iTcslv] ^ ^iScslv] J T>vVbVeS[f - &v]5[f - p2^]e^^2[y,^l+o(^^)+i5^P _ (3 20) 

Unlike in J\f = l,(i4 case we average this expression with the following weight (see 
some details ior J\f — 2,d3 theory in [32]) 

1 = j VfVfVcpV^ exp{^ J d'zf + d'zp + i J d'z<p' + i J d'z^'}, (3.21) 
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where a, /3 are the gauge- fixing parameters and the anticommuting third ghost superfield 
(f is background covariantly chiral. As a result, we see that the M — 2 super Chern-Simons 
theory is described within the background field approach by three ghosts. However, the 
opposite of Ad case, the Nielsen-Kallosh ghost gives no rise to the efi^ective action even at 
one loop level. 

Further we will study only one-loop effective action in gauge superfield sector. In this 
case it is sufficient to consider, under the functional integral for Fcsfy], only the quadratic 
part of gauge fixed action for quantum fields. Then one gets 

S2+Sgf - ^tr / d'^z vhv'^'Da+'D''Va+-V'^Va+^'D'^'Da)v = ^tr / d'^z vH^v . (3.22) 
2J4 a /3 2 J 

The operator T-L^ is defined by Eq. (3.22). 

Now we should add the contribution of matter superfields. It is done by considering 
the integral over matter quantum fields q,q of e*'^'""**'^''^^'^'^'^!, where Smatter[V:Q:Q:'^] is 
obtained from (2.10) by background-quantum splitting (3.14). For one-loop approxima- 
tion it is sufficient to use SmatteAV, <l,Q,v = 0] = Sj^y^^j., As a result, we get the following 
representation for the one-loop effective action in the gauge field sector 

gir(i)[y] ^ ^iScs[v] J VvVhVcVqVqe^''^'^'''''^''''+'^^''+'^hLr (3.23) 
= X^ei--^{n,)V)ei\nFp)^ei''^{nhyper) , 

where 

'^^P = ( ^^J^' ) z') (3.24) 

-( -\V^\(5.{z,z') \ 
-\\V^ Q )\ 5^{z,z'))- 

The matter superfield contributions to the effective action is 

Note that it differs from the contributions of ghosts only by the sign and choice of the 
representation of a gauge group. 

4 One-loop effective action 

In this section we investigate the off-shell one-loop corrections to the action lor J\f — 2 
super Chern-Simons quantum field theory. It is well known that the one loop effective ac- 
tion is given in terms of functional determinants of the differential operators in quadratic 
part of action for quantum fields. In the theory under consideration all these operators 



9 



are the generalized d'Alembertians acting on superfields. According to the previous sec- 
tion, there are three basic d'Alembertians which arise in the covariant supergraphs: (i) 
the vector d'Alembertian D^; (ii) the chiral d'Alembertian and (iii) the antichiral 
d'Alembertian □_. The vector d'Alembertian is defined by 

0^ = ^,1 = ^[-V&V - VV^V + -\{V^, - 16G^ - —VV^V^ + ^WVJ (4.1) 
16 ap a p 

ap lb Z a 2 p 

where Hcov — \T^"'^T^ap and we have used the identities 

= -n^ + V^} + iW^V^ + '-{V^W^) - , (4.2) 

^-V'^V^V^ = -Deo. + ^{V\ &} - iWV^ - '-(V^Wa) - C . 

It is clear that the most convenient gauge choice is o; = ^ = 1. 
The covariantly chiral d'Alembertian is defined by 

U^ = U,^^iW'^V^^U,V^W^)^G\ □+$ = ^p2p2^, P«$ = 0. (4.3) 
The antichiral d'Alembertian is defined similarly, 

□ _=□eo.-^W^":Pa-^(^"W^a)+G^ = ^-VV''^ , ©a^ = 0. (4.4) 

I io 

Our aim is studying the low-energy effective action r[V] which is generated by inte- 
grating out the quantum fields ghosts and matter fields and describes the quantum 
dynamics of = 2, d3 vector multiplet. 

4.1 Vanishing the ry-invariant 

The operator %y (which is denoted for simplicity as H. in this subsection) has the "first 
order in power 9" . Therefore, we must worry about the phase of the functional deter- 
minant. Following the pioneering work [17], we define the phase of the path integral by 
means the superfield eta-invariant of Atiyach, Patodi and Singer as 

T]n{s) = ^Imi VsignA,|Ar^ = Tr(?^(?{)-^) (4.5) 

i 

Here Tr is a functional trace of operator acting in superspace. It is evident that the ?7^(s) 
is a functional of background field V. Then 

^ ^ e^?^«(°) . (4.6) 



^yBet[H] ^/Bet\[H]\ 
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In case of non-supci symmetric Chern-Simons theories the phase in Eq. (4.6) was discussed 
in [17], [18], [19]. 

Our aim is to compute the ?7^(0) in the theory under consideration. To do that ones 
use the identity 

1 /"°° 

^«(«) = ^inyy^ dtt'^Trne-'^\ (4.7) 

and then put s = 0. For evaluating the integral we, following [33], replace the background 
field V by the field gV with be a real parameter. As a result ones get the operator 
'H((y'), such that H{1) — H and H{0) is background field independent. Differentiating Eq. 
(4.7) one obtains 

^9Vn,){s) = dtt^Tr{5,?^(^)e-*«^(^) - 2tS,n{gmg)e-^''''^^^ (4.8) 

Now we see that Sgr)-H(^g) is regular at s = and its value is given by a local invariant 
frnSgr)ni,){s) = ^Tr(Vt5,?^(5)e-*«^(^)-*^)|o~ = -j=TT{V~t6gH{g)e-''''^^%,=o) • 



(4.9) 

We remind that for given an operator A acting on the space of unconstrained superfields, 
its superkernel is determined to be biscalar A{z, z'). Then Tr^ is given as 

Tri = j d?xd^eA5^{x-x')5^{e-e')\^=^ffi=e' (4.10) 

It is easy to sec that the non-zero contribution in 5g^'H(g){'^) can be resulted only from 
zero and first terms of power series expansion of (4.9) in t 

TrSgHe-'^'^^^ - :^{ho{z) + th,{z) + ...) (4.11) 

Then, it is obvious that to obtain a nonzero result, we must put exactly foTir spinor 
derivatives on all Grassmann 5-functions in Eq. (4.10). However, the operator 5gH{y) 
where 5gVa = [Da, e~^^Sge^^], SgVa = has a combination of spinor derivatives Va, Va 
of first-degree and the operator H^{g) has also first-order spinor derivatives. Therefore, 
the both first terms ho{z), hi{z) in (4.11) vanish. Thus we see that r}-H(^g){0) does not 
depend on g and hence it is background field independent. Therefore this quantity is 
no more then unessential constant and we can omit it in the (4.6). It is known that 
the background field dependent r;^(0) gives rise to a finite shift of coupling constant in 
non-Abelian Chern-Simons action. Our result means that such a shift is absent in the 
theory under consideration. 
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4.2 Low-energy contribution from vector multiplet 



One- loop effective action, generated by vector multiplet, is given by the expression 

r«[y] = ^TrlnT^^ ^ ^^-mH^-ml (412) 

where m is infrared regulator. We will calculate the asymptotic expansion of the heat 
kernel in the integrand that takes the form of an expansion in the powers of covariant 
derivatives. Structure of such an expansion is defined by superfield DeWitt coefficient. At 
the component level, the non-trivial DeWitt coefficients, for n > 4, contain in bosonic 
sector the field strength terms of the form F'^. The first non-trivial coefficient, 04, is well- 
known in dA [23]. In d3 we also have analogous box diagram with factors |W"('P + 'D)^ 
at each vertex, and to get non-zero result one should keep terms with two D's and two 
r>'s. Besides, we should treat the gauge strength as matrix in the adjoint representation 
= fabcW"'''. Then we get for a four-points contribution to the effective action: 

rl^^ = -^^^ / d'zg{ai,a2,as,a,){W''{a^)W^{a2)W^{as)W0{a,) (4.13) 

-i>V"(ai)>V^(a2)>V«(a3)>V;3(a4)) 

where in M = 2, d3 case = {W — W)°'. Here we have used for colour structures the 
notation from work [15]: 

g{ai, 02, ... , On) — /biai 62/62 02 &3 ■ ■ ■ fbnanbi ■, 

where fabc ^-re the structure constants for a gauge Lie-algebra or Fabc for a g^-uge 3- 
algebra. Note that these terms do not have the Abelian analogue. They simple vanish in 

the Abelian case. 

To obtain the component form and in particular, to get the ~ terms we should 
as usual to convert J d^O — )■ j^D^D^ and act with these four spinor derivatives on the 
Wa — O^f^aixi) + ■ ■ ■ and Wa — 0^f/3a{xR) + ■.■■, where dots stand for the terms with 
derivatives of the fields. 



4.3 The leading contribution of the ghost and matter superfields 

Contribution to one-loop effective action from Faddeev-Popov ghosts is defined by the 
expression 

Tr In Ufp = Tr In —V^V^ + Tr In —V^V^ = Tr_ In □_ + Tr+ In □+ 
16 16 + + 

Contribution from matter superfields differs only by sign and choice of representation of 
gauge group. That allows to write the ghost contribution to effective action F^j^^ in the 
form of a integral over an auxiliary proper time t 

je-'"^\K4t) + K_{t)) . (4.14) 
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In this expression, m? is the infrared cutoff and K+{t) and K-{t) are the functional traces 
of the chiral and antichiral heat kernels respectively, which are defined by: 

K±{t) = trT^ J ci^^±(e-*°± - e-*°°)5±(^, z%>=,l = tr^ J d'z±K±{z, z'\t)U>=, . (4.15) 

Here tr-ji denotes the trace over the representation TZ, dz± is the integration measure over 
(anti)chiral subspace, S±{z, z') is the (anti)chiral delta function, 5^{z, z') — —\V'^5^''\z, z'). 
It is well-known that Kj^{t) — K^{t). Therefore we discuss only the computation of the 
chiral kernel. 

One of the procedures in computations of the heat kernel is to make use of the Fourier 
integral representation of delta-function as follows [35] : 

6('\z ^,ei'"''"^C~Cl{z. z% (4.16) 

where 

= - x'Y' - ic-f"'9' + i^'7™c C = o-o', C = o-o' . 

Here I{z, z') is the parallel displacement operator along the geodesic line connecting the 
point z' and z, defined up to the gauge transformation I{z,z') -> e*^(^)/(z,/)e-^^(^'). For 
our aims we need only the following properties of the I{z, z'): I{z, z')I{z', z) — I{z, z) — 1 
(as boundary condition) and the equation ("^VAliz, z') = (^Vj^I{z, z') — . 

The heat kernel K^{z,t) has an asymptotic Schwinger-DeWitt expansion, which is 
written as 

oo 

K+{z,t) ^ ' ^tX(-g), ao = ai = 0. (4.17) 

^ n=0 

The an{z) are the DeWitt coefficients, which at the component level contain bosonic field 
strength terms of the form F"'. From dimensional considerations and the requirement of 
gauge invariancc, wc can expect that the first non-trivial coefficient 02 in the non-Abelian 
case is a2 ~ tiT^ J d^zW"^ ~ tr-;^ J d^ zG'^ . One can show that the a„ with n > 2 are 
obtained in form of T)^ acting on superfield strengths and their covariant derivatives, and 
hence all terms in K^[z,z'\t) can be written as the gauge-invariant superfunctionals on 
full superspace. By differentiating the kernel K^{z,z'\t) with respect to t, one observes 
that: 

^tr^l d'z\v\-'''-5^{z,z%=, . (4.18) 
It is convenient [16] to introduce a new set of coefficients by writing 

as an asymptotic series. Here an{z) — ■:^^{—\'^^)cn-i{z)- The effective action can then 
be written as 
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Here TZ means adjoint representation. Matter contribution has the same form (4.19) with 
7?. be a corresponding representation. 

Our next goal is to discuss the computations of the superfield coefficients Ci, C2 and 
C3. We adopt and generahze for M = 2,d3 case, the procedure developed in [36], [37] and 
modified for non-Abelian backgrounds in [16]. In some respects, this procedure is similar 
to that was used in [20] for constructing a gauge invariant derivative expansion of the 
effective action in the Yang-Mills theory. 

Using the identities / d'^rfrj'^ = —4, we present a as = / d'^rje^"'''' . Then 
^Kj^[z,z\t) in the point coincidence limit becomes 



The operator 



is defined by 



Xm = Vm + IVm, X" = V" + T]'' - p^^C 



and the auxiliary field —^V^Wa may be omitted or included in the redefinition G^. Note 
that the last term in X" vanishes in the limit of point coincidence since the operator □+ 
does not contain V. Expanding the exponential in powers of proper time around * and 
integrating over p, we obtain the desired expansion, collecting together the coefficients 
at each degree of proper time t. Due to gauge invariance, these coefficients are actually 
expressed in terms of commutators of covariant derivatives. The pre-exponential factor 
X"Xa under the integral in (4.20) is important to write a contribution to effective action 
as integral over appropriate superspace. The following integrals are used: 

d^p _ i f d^p _ -1 i 



{2tiY (47rt)3/2' y (27r)3^'"^"^ 2t '""(47rt)3/2 ' 

Zeroth-order term does not depend on background fields. In the next terms of the 
expansion, we must take into account that X^ = and the integrals over odd powers of p 
vanishes. Therefore in the first order of expansion of the (4.20) we have —t{n + G'^) , with 
a factor i/{A'Kt)^ which is common in the expansion. In the next order of expansion after 
integration over p we have exactly -t-tD that cancels gauge non-invariant contribution and 
then one gets 

ci = G^ (4.21) 

as mentioned above. ^ As a result in the given order of the expansion of the heat kernel, 
we obtain the super Yang-Mills action as a leading low-energy contribution to effective 



■^Such a cancelation of gauge non-invariant terms should take place in any order of heat kernel expan- 
sion. 
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action. The IR cutoff parameter plays a role of the dimensional coupling constant: 



rS = -—^''Ad, I d'z^WW^. (4.22) 



1 /" ,5 1 

— tr^di d z—. 
Att J m 

Discuss some consequence of (4.21). First, we see that in the theory under considera- 
tion the Chern-Simons action is not induced by quantum corrections. This conclusion was 
also pointed out in the end of subsection 4.1 as a result of vanishing the r;-invariant. Lead- 
ing low-energy quantum correction to action is Yang-Mills and stipulated only by ghosts 
and matter, vector multiplet does not give rise. Second, since a contribution of matter to 
effective action has, up to a sign, the same form as ghost contribution one can conclude 
that for appropriate matter in adjoint representation a total contribution of ghost and 
matter to effective action vanishes. Third, one applies the above consideration to BLG 
model formulated in terms oi J\f — 2, d3 superfields. In this case the ghost and matter 
supcrficlds take the values in a real 3-algebra. The induced Yang-Mills action contains 
a factor F^c^^bd^ - 2(7^)^ \Tb)j^ = -2Gab [4]. Therefore the leading low-energy 
correction to action is 

Tym = ^Gab [ dh-W^^W""^. (4.23) 
27r 7 m 

The quantities Gab and W"^" are defined in the section 2. 

Using the second and third terms in expansion in proper time under the integral (4.20) 
one finds the coefficient C2 in the form 

C2 = iIg' + + [V^,G']] - ^[V^,G']tW^ (4.24) 

o 3 
In principle all commutators can be expressed in terms of strengths and their covariant 
derivatives. The third term in (4.24) vanishes since the transfer of the total derivative on 
the operator of parallel transport in the limit of coincidence gives / {. . .}T>mI{z, z')\z=z' — 
0. To find a component structure of the coefficient C2 we use the definition (2.2) and Bianchi 
identities. As a result one gets in bosonic sector the terms of the form ~ {T>f Y where 
fmn is bosonic strength. Note that for Abelian constant background the coefficient C2 
vanishes, since ii{GW"Wo, + VV^GW^) = tTG[W", Wa] • 

The next C3 coefficient in expansion (4.19) has a complicated and cumbersome enough 
structure. To compute it we should use the expansion of exponential in (4.20) in proper 
time from third to six order. The final result for C3 is written as a sum of two kinds of 
terms. First, the terms of the form: 

^ tr[-60i + O2 + 4O3 + 3C4 + 3C5] , (4.25) 



180 
where 

= [D^, Vr,][V„, Vi][Vi, Vm], O2 = [Dm, [Vm, Vr,]][Vu [Vi, V^]] , (4.26) 
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= [I^m, [Vn,Vi]][V^, [Vn^Vi]], O4 = [I^m, [I^m, [P„, P,] ]][©„, I^^] , 

Under the sign of the matrix trace and the integral we have ii j = — tr j O4 = — tr J O5 
and tr J O3 = tr J {2O2 — 40i) and then these terms are written as follows: 

-^tr(2F3 - 3(PF)2) . 

Analogous contribution to effective action was first constructed in [20] for pure Yang-Mills 

theory. 

Second kind of the terms it is convenient to group according to the degree W. They 
have the form: 

-^G' (4.27) 
+^[G^V^]{W^,V^}W0 - ^{[G\V%V^}W^W0 (4.28) 

+ ^[V^,Vm]{Wf,,V"}[Wa,Vm] + ^[V^,Vm]Wp[V^,Vm]Wa (4.29) 

+^{-2[V-,Vm]{V^, [V^, W^W^-iVm, [V'',Vm]]{V^, W^}Wf,+{1^^, [Dm, [V",Vm]]}W^Wf,} 

+ '-{3[V", G']W^G' - [V\ G\W^, G^\} 
-^{-Pm, [Vm,V-]][V^, lyj] + [P^ [Dm,VM'DmM (4.30) 

-^{2[Dm, W^]G^ - [V^, G^][Dm, [Vrr,, W^]]} (4.31) 

+^[Dm,G'][Vm,G'] (4.32) 
-^{Pm, [Vrn, [V^, [P„, G']]]] + [V^, G^][V,„ [V„,, - [P„, [P^, G^] (4.33) 

+2G'2[P„, Vn] + 2[P^, PnlG^ + [Dm, Dn]G^[Dm, Vn] 

Total coefficient C3 is given by sum of the terms (4.25)-(4.33). In leading bosonic compo- 
nent sector this coefficient gives us the terms of dimension 8 like (fmn)^ and the products 
of some power of fmn and some powers of covariant derivatives V^fni with total dimension 
8. 

In principle the coefficient C3 can be transformed to the form which is expressed com- 
pletely in terms of superfield strengths and their supercovariant derivatives, however such 
an expression will be extremely tedious and we are not going to write down it there. Note, 
that for specific goals and approximations only some certain terms in C3 can be essential. 
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For example, let us consider the coefficient C3 for constant Abelian background. Then one 
can show that this coefficient is reduced to the following form 

C3 = \WW^W^Wp. (4.34) 

o 

As mentioned above, although we considered the heat kernel for the ghost, the case of 
the matter chiral superfields can also be treated along these lines. The results differ from 
ghost ones only by sign and choice of representation of gauge group for matter. 

5 Summary and Conclusion 

We have developed the background method for constructing the gauge invariant effective 
action in non- Abelian M = 2,d = ?> supersymmetric Chern-Simons theory coupled to 
matter. Using the background field method we have studied a structure of one-loop effec- 
tive action for the theory under consideration. One-loop effective action was formulated in 
terms of superfield determinants of the differential operators on superspace. To evaluate 
the determinants we have developed the N' = 2,d = 3 superfield proper time technique 
and formulated a procedure for computing the low-energy one-loop effective action. It was 
shown that the leading quantum correction is defined by ghost and matter superfields. As 
a result, the leading contribution in the case of adjoint matter is — 2, d — 3 Yang-Mills 
action. A few sub-leading higher derivative corrections arc also calculated. 

Background field method opens the possibilities for studying the effective action in 
various extended supersymmetric d = 3 models, which can be formulated in terms of 
J\f = 2 superfields. From our point of view, a most important application of the methods 
developed in the paper is investigation of the effective action in BLG and ABJM models. 
These models are the Af = 8 and J\f = 6 supersymmetric Chern-Simons theories coupled to 
specific matter supermultiplets. Both models are formulated in terms of A/" = 2 superfields 
and hence their quantum aspects can be studied on the base of the background field 
method and proper time technique developed the given paper. However in this case we 
should consider the backgrounds containing not only vector multiplet superfield but also 
the matter superfields. 
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